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Abstract 

Application of the functional integration methods in equilibrium statistical mechanics of quantum Bose- 
systems is considered. We show that Gibbs equilibrium averages of Bose-operators can be represented as 
path integrals over a special Gauss measure defined in the corresponding space of continuous functions. This 
measure arises in the Bogolyubov T-product approach and is non- Wiener. We consider problems related 
to integration with respect to the Bogolyubov measure in the space of continuous functions and calculate 
some functional integrals with respect to this measure. Approximate formulas that are exact for functional 
polynomials of a given degree and also some formulas that are exact for integrable functionals belonging to 
a broader class are constructed. We establish the nondifferent lability of the Bogolyubov trajectories in the 
corresponding function space and prove a theorem on the quadratic variation of trajectories and study the 
properties implied by this theorem for the scale transformations. We construct some examples of semigroups 
related to the Bogolyubov measure. Independent increments are found for this measure. We consider the 
relation between the Bogolyubov measure and parabolic partial differential equations. An inequality for some 
traces is proved, and an upper estimate is derived for the Gibbs equilibrium mean square of the coordinate 
operator in the case of a one-dimensional nonlinear oscillator with a positive symmetric 



1 Introduction 

The purpose of this article is to provide a mathematical treatment of the Bogolyubov functional integral and 
to introduce some possible applications of this integral to the equilibrium quantum statistical mechanics. 

Studying integration problems for functions on an abstract set was initiated by Frechet , who appropriately 
generalized the Lebesgue method. Somewhat later, these problems were studied by Daniell H, ^, who used the 
idea of extending linear functionals. The Daniell theory is based on the family H{X) of elementary functions 
h{x) on a set X with an elementary integral I{h) defined for them. Under some conditions, this family can 
be extended to a broader family L to which the integral / is extended such that L becomes a Banach space 
with the norm \\ip\\ — l{\(p\). This is the essence of the construction of the Lebesgue integral in the Daniell 
scheme [§, ||. 

The early results by Wiener have much in common with the theory of the Daniell integral. He defined 
the integration process for functionals and showed that the integral he considered is the Daniell integral. We 
note that from 1921 on, the problem of functional integration in all works by Wiener is related to studying the 
Brownian motion of particles. The set C = C[0, 1] of continuous real functions x{t) satisfying the condition 
a;(0) = is defined on the interval [0,1], where x{t) is the coordinate of a particle issuing from the origin at 
t = and undergoing Brownian motion along the x axis under the action of random impulses. The Wiener 
measure has a zero mean and a correlation function min(i, s). This measure belongs to a more general class of 
measures called Gaussian measures. 

Feynman Q was the first to use functional integration in quantum physics. The construction of the Feynman 
functional (continual) integral has some properties in common with the Wiener integral. However, these integrals 
are essentially different 

The idea of writing physical observables as continual integrals was developed in quantum field theory for rep- 
resenting the Green's function. In due course, two such representation methods appeared almost simultaneously. 
One of them was based on formal integration of equations in variational derivatives for Green's functions 1^- 
Bogolyubov developed a different approach proceeding from the representation of Green's functions 
in terms of vacuum expectations of chronological products, and the averaging operation over the boson vac- 
uum was interpreted as a functional integral. In [p^ , the Bogolyubov functional integration method was used 
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to study problems of gradient transformations for electrodynamic Green's functions and to investigate the 
Bloch-Nordsiek model. Bogolyubov returned to this construction in the framework of statistical mechanics 
to investigate the polaron model |^|. It was shown in that the measure appearing in the Bogolyubov 
approach is the Gaussian measure in the related space of continuous functions. The Gibbs equilibrium means 
of chronological products of operators are expressed in the form of functional integrals with respect to this 
measure. 

In Section 2, conception of the T-product is considered and the Bogolyubov measure is introduced. In Section 
3, the main results of the integration theory in abstract spaces as applied to the specific case of the Bogolyubov 
measure are presented. In Section 4, some simplest functional integrals with respect to the Bogolyubov measure 
are calculated. In Section 5, formulas of approximate integration are considered. In Section 6, we give a 
brief discussion of a probabilistic approach to the Bogolyubov process. In Section 7, some properties of the 
Bogolyubov trajectories are studied and scale transformations in the Bogolyubov space are considered. In 
Section 8, examples of semigroups related to the Bogolyubov measure are constructed, independent increments 
for this measure are found and relation between the Bogolyubov measure and parabolic partial differential 
equations is considered. In Section 9, an inequality for traces that is used in phase transition theory is proved. 



2 Gaussian functional integrals and Gibbs equilibrium averages 
2.1 T-product 

The notion of the chronological product (T-product) of operators appeared in quantum mechanics in the analysis 
of the Schrodinger equation with a time-dependent Hamiltonian [T^ . This equation emerges in the so-called 
interaction representation and is 

where 

H{t) = e^^''(*~*o)t/e~^^''^*~*''^ 

and H = Hq + is the time-independent Hamiltonian of the dynamic system under consideration. If $ is a 
time-independent state vector in the Heisenberg representation, then <I>(t) ~ S{t,to)^, where 

S{t,to) = e'"°^*-*«^e-'"'-*-'°\ S{to,to):^I. 

The evolution operator S{t,to) satisfies the equation and the initial condition 

i^^S{tM)^H(t)S(tM). S{to,to)^I. (1) 

In quantum mechanics, the operator S{+oo, —oo) is called the scattering matrix JlSf . The evolution operator 
S{t,tQ) is a unitary propagator jlH , i.e., it satisfies the conditions that 

a) S{t,ti)S{h,to) ^ S{t,to), 

b) S{t, t) = /, and 

c) S{t, to) is strongly continuous in all the variables t and Iq. 

The equation with initial condition (1) is formally equivalent to the integral equation 

S{t,ta)=I-if H{T)S{T,ta)dT. 

J to 

Using consecutive substitutions, we can establish the Dyson expansion 

oo 

S{t,to) = J2Sn{t,to), (2) 
n=0 
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where ^ 

Sn{t,to) = I dh 

Jto 

It is convenient to write this as 



dto 



dtnHih)H{t2)...H{tn). 



(3) 



Snit, to) 



dh / dh... I dtnT[Hih)Hit2)...Hitn)], 

to ^ to 



(4) 



where we introduce the T-product 

T[V{h)V{t2)...V{U)\=Y.^^^^^^ > ■■■>u:)V{t,,)v{u,)...v{uj, 

with 

Oiti > t2> ■■■> t„) - i ^ 

L otherwise. 

The sum in Eqs. (4) is taken over aU possible permutations of the indices 1,2, ...,n. The minus sign 
corresponds to the Fermi case and is determined by the number of Fermi transpositions that are necessary for 
the derivation of the corresponding term. 

Using Eqs. (4), we can write expansion (2) in the symbohc form 



S(t, to) = Texp 



H{t) dr 



It follows from the definition of the T-product that operators commute under the T-product sign. 
The general conditions for the existence of the solution of the evolution equation 



d(pit) 
dt 



A{t)ip{t) 



with an unbounded operator A{t) were first found in | |20[ |. 

Using the T-product, we can obtain an important formula of equilibrium statistical mechanics p5| |. We 
consider the operator equation 



dU{s) 
ds 



= -[Ho + Hi{s)]U{s), C/(0) = /, 



which is solved by 



U{P) =Texp. 



-jyHo + H^ia)] day 



(5) 
(6) 



We assume that U{s) — e °C{s) in (5). Then the equation and the initial condition satisfied by C(s) are 



dCjs) 
ds 



e''"°Hi{s)e-'"°C{s), C(0) = / 



and are solved by 



Therefore, 



C(s) =Texp 



/ dae''"^Hi{a)e-''"^ 
Jo 



U{l3) = e-^"°Texp 



r0 

/ dse'"''Hi{s)e~'"° 
Jo 



(7) 



For the special case where the operator Hi{s) = Hi is independent of s, we compare solutions (6) and (7) and 
thus obtain the Bogolyubov formula 



g-/3(Ho+ifi) =e-/3fforexp 



dse'""Hie-'"'' 

This formula is necessary for representing the partition function as a path integral. 
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2.2 Gibbs equilibrium averages 

If ^ is a linear span of Bose operators and F is a positive-definite quadratic Hamiltonian, we have the formula 111 



2\n{e^)^{A^), 



(8) 



where 



Tr[. 



-/3ri 



Tr e-/3r 



denotes the Gibbs average with the Hamiltonian F. 
We consider the average 

( Texp 



JV+l 



k=l 



where Vk are real numbers and 

= Si < S2 < ■ . ■ < Sk < ■ . ■ < Sn < Sjv+l = P- 

The operators Q{s) and F are given by 



(9) 



(10) 



Qis) = e'' qe 



which means that we consider the one-dimensional harmonic oscillator. Taking Eq. (8) into account, we can 
write 



r N+1 



Texp 



N+l N+1 



VkQ{sk) \ = exp< X] X! ^■nVmlT[Q{Sn)Q{Srn)\ 



k=l 



We evaluate the average in the right-hand side of the last relation using T-product definition (4), which leads 
us to 

Thus, average (9) can be represented as 



Texp 



JV+l 



i ^ VkQ{ 



Sk] 



k=l 



exp 



N+1 



n,m— 1 

We now write the last formula in a more convenient form for the future analysis. We consider the expression 

as a function of s„. This function, which we represent by ?/(s„), satisfies the differential equation 

c^22/(s„) = ~2uj (1 - e-^^) S{s„ - Sm) (11) 



dSn^ 



and the boundary conditions 

y(0) = y(/3), y'(0)=2/'(/3). 
We seek the solution of Eq. (11) in the form 



It follows that 



1 _ e-/3" 
K{sj,Sk) =2uj 22 



g2irin(sj-Sfc)/^ 

a;2 + (27rn//3)2 ' 



For average (9), we thus have the representation 

N + l 



Texp 



fe=i 



(12) 



with the quadratic form in Uk given by 

0({i/fe}) 



1 g |Er=>fce2--^//5|' 



2mf3 



w2 + (27rn//3)2 



Obviously, > 0. In addition, f2 = if and only if i/i + i^n+i = and 1^2 = 0, ■ ■ ■ , i^n = 0. 

Introducing new variables r]i = Pi + i^n+i, 1I2 = 1^2, ■ ■ ■ , Vn — i^N, we can rewrite Eq.(12) as 



Texp 



where 



j,k=l 

and the covariance matrix entries are 

Ajk = 



N+l _ -I \ / 1 ^ ■'^ \ 

'^'^kQisk) / = exp ( - - ^ ^ AjkVjVk j , 
fe=i ^ / ^ j=i fe=i ^ 

N 00 2 



a;2 + (27rn//3)2~ 



(13) 



(14) 



2ma;sinh(/3a;/2) 



cosh 



In deriving the last formula, a partition of form (10) was defined by the simple relation Sj = (3N~^{j — 1). 

We now apply Eqs. (13) and (14) to find the relation between the Gibbs equilibrium averages of Bose 
operators and the path integral. 

2.3 Gaussian path integrals 

We consider the expression 

N+l -I \ ^ N+l 



/< 



Texp 



fe=i 



^ VkQ{sk) \ expl -?: ^ Vkqk >dvi... dvN dvN+i 



k=l 



where qk are real numbers and the integration with respect to each variable Vi goes over the entire real axis. 
Taking Eq. (13) and the known values of Gaussian integrals into account, we obtain 



1 



(27r) 



N+l 



Texp 



AT+i _ -1 \ r ^+1 ^ 
; ^ vkQ{sk) j exp<^ -i ^ vuqk \ dvi . . . dm duN+i = 
k=i / fe=i ^ 



p{qi,q2,---,qN+i), 



where 



/ X 1 Hqi - qN+i) 

P(...2,...,...r) = -^^^^=^exp 



1 ^ _ 



3,k=l 



(15) 

(16) 



5{q) is the Dirac delta function, and A ^ is the inverse covariance matrix with the entries 



mui 



sinh(/3a;/Af) 



2 cosh - 5ij+i - Sij-i ) . 
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The determinant of the inverse covariance matrix is 



det(A-i) = i(mcj)^ 



cosh 



1 



— I cosh — — 1 



pdqi . . . dqN+i = 1- 



It foUows from (16) that 

Using relation (15), we can evaluate the averages of the form 

Indeed, we recall the complex Fourier formula 

1 



(17) 



/(Qi,. 



!N+1 



fiQi, ■ ■ ■ ,9Af+i)x 



(27r)^+i 

exp<^ i ^ i^jiQj - qj)>dqi . .. dq^+i dvi . . . dv^+i- 
y j=i i 

Because the operators Q{sj) commute under the T-product sign, we have 

(r[/(Q(si), • ■ • ,Q(sAf+i))]) = y"-^(*i' ■ ■ ■ '9JV+i)p(gi, ■ • .,qN+i)dqi ...dq 
Now using properties (17), we see that 

< (r[/(Q(si), . . . , Q{sN+i))] ) < M, if < /(g(si), . . . , Q{sN+i)) < M 



N+l- 



(18) 



(19) 



We now consider the functionals F[q) of real functions ("trajectories") q{s) defined on the segment < s < /3. 
We construct the integral 



F{q) dn 



(20) 



over the corresponding measure. 

We first consider the subset of "special functionals" |l^ that are continuous functions of a finite number N 
of variables, 

f^W(g) = $(9i,g2,...,gAr), 

where qj = q{sj). By definition, we then have 

I^^^ = J *(gi, 92, ■ ■ • , qN)p{qi,q2, ■ • • , g^v) dqi dq2... dqN. 
It follows then from (18) and (19) that 

(r[FW(Q)])= ^F'^^\q)d^, 



(21) 



and (r[i^(^)(Q)] ) > if F^^\q) > for arbitrary real numbers qi, q2, ■ ■ ■ , qN ■ We now consider the sequence 
of functions {gAr(s)}, = 1, 2, . . ., defined as 



9iv(s) = qisj) for Sj <s< Sj+i, j = 1, 2, . . . , TV, gjv(/3) = q{f3). 



(22) 



The set of points {sj} is the partition (10) of the segment [0,/?]. We assume that \sj+i — Sj\ < As for 
j = 1, 2, . . . , A*" and also that As ^ as iV ^ oo. Then the sequence of step-functions (22) uniformly tends to 
the function q{s). Path integral (20) can be defined as the TV oo limit of integrals (21), which are defined 
on the subset of "special functionals," because the functionals F{qN{s)) belong to this subset; therefore, 

lim /W. 
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We consider the space C°[0,(3] of continuous functions q{s) defined on the segment [0,(3] that satisfy the 
condition q(0) — q{P). This is a metric space with respect to the uniform metric 

p{q,p) = sup \q{s) ~p{s)\. 

sG[0,/3] 

The square order- matrix A = (Ajk) is positive and symmetrical, i.e., the mapping (j, k) — > Ajk is a positive- 
type kernel on the set {1,2,..., N}. Therefore j2l], we can speak of the Gaussian measure on the space 
with the covariance A. By the Stone- Weierstrass theorem Q, the corresponding set of "special functionals" 
is dense in the set of all continuous functions defined on the space C°[0,/3]. In C°[0,(3], we can introduce a 
cr-algebra generated by quasi intervals (cylindrical sets). This cr-algebra is the same as the cr-algebra generated 
by the sets that are open in the metric p. Extending the Gaussian measure from the quasi intervals to their 
Borel closure, we obtain a Gaussian measure in the space C°[0,/?] ||2^ . 



3 The Bogolyubov measure in the space of continuous functions 

So we see that the Gaussian measure fiB with zero average and the correlation function 

B{t,s)^- t-^tt:^^ cosh (Lj\t-s\-^] (23) 

is defined in the space X — C°[0,/3] of continuous functions on the interval [0, /?] with the uniform metric 
p = maxtg[o_0] |x(i) — y{t)\ that satisfy the condition a;(0) = x{(3). Measurable functionals F{x) are considered 
on the space with measure {X, G,/iB}, where G is an isolated a algebra of subsets in this space. In this case, 
the formula 

{T[F{Q{t))])-= f F{x{t))dM^) (24) 
Jx 

holds for the Gibbs equilibrium mean of the T-product taken with respect to the Hamiltonian F of the harmonic 
oscillator; the integral is understood as the Daniell integral over the space X, 

<->r^^. 

where q and p are the respective coordinate and momentum operators of a particle with mass m that satisfy 
the commutation relation [q,p\ — i (?i = 1 is assumed), /3 is the reciprocal of the temperature, and u; is the 
eigenfrequency of the oscillator (/3 > 0, w > 0.) The mean in formula (24) exists and is finite for an integrable 
functional F(x). The measure /iB thus defined is called the Bogolyubov measure. 

The kernel B{t, s) of the correlation operator B is symmetric and Hermitian. It belongs to the space of 
square summable functions of two variables with respect to the Lebesgue measure in the domain < i < /3, 
< s < (3. By the Schmidt theorem Q, every square summable function A{t, s) that is symmetric with respect 
to its arguments can be expanded as a series 

A(t,s) =^A„$„(t)$„(s) (25) 

n 

in the sense of the convergence in the mean, where {<I'„(t)} is an orthonormalized sequence of eigenfunctions 
and {A„} is the sequence of the corresponding eigenvalues of the operator A generated by the kernel A{t, s). 
According to p^ , correlation function (23) has an expansion of form (25), where 



' mu;2 + (27rn/3-i)2' 

and n ranges the set of all integers from — oo to oo. By the Mercer theorem [Q, series (25) for the kernel B{t, s) 
is uniformly convergent because the operator B generated by B{t, s) is positive. We also note that this operator 
is completely continuous. Series (25) for the correlation function B{t,s) can be written in the space of real 
functions in the form 

+ CXD 

B{t,s)^ ^ Xn(Pn{t)(Pn{s), 
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where 



2cos^, n>0; 

2 t,;,-, 27rnt 



i, n = 0. 

The conjugate space of X, X' = Vb[0, /?], is the space of functions of bounded variation on [0, /3] that satisfy 
the conditions 

g(0) = 0, .gW = ^[5(i + 0)+.g(t-0)] forie(0,/3). 
By the Riesz representation theorem [|| , the hnear functionals in X have the form 

Jo 

where the integral is understood as the Stieltjes integral, x{t) S X, and Lp{t) S Vb[0,/3]. The correlation 
functional in the space X' can be written as 

K{ip,i;) - / / B{t,s)dip{t)dip{s), 



Jo Jo 

where the correlation function for the measure has the form 



B{t,s)— / x{t)x{s) dfi{x). 
Jx 



By the Kuelbs theorem |2^, the Hilbert space H generated by the measure fj, is the linear span of the eigen- 
functions {(/?„(t)} of the kernel B{t,s). This linear span is closed with respect to the norm corresponding to 
the inner product 



{x,y)H= x{t)^^{t)dtji^J^ 



y{t)ipn{t)dt 



n— — 00 

The functions {e„(t) = y^n{t)}^°^_^ form a basis in the space H, and the expansion 

+00 , p 



E ( / 



x{t)ip„{t)dt ](pn{t) 



holds for almost all x X. The general form of a linear measurable functional on X is given by the expression 

+OC T / ff} \ / r0 



(°'^)= x{t)ip„{t)dtji^j^ 



a{t)Lpn{t) dt , 



where a ^ H and x ^ X. The functions 



rP 

en{t) = / Bi/2{t,u)an{u)du 
Jo 

also form a complete orthonormalized system in H, where Bi/2{t,u) is the kernel of the operator B^^^ and 
a„(t) is an arbitrary complete orthonormal system in the space L2[0,(3]. 

We note that the closure H of the Hilbert space H is the support of the measure fi and is dense almost 
everywhere in X ||2^ . The triple {X, H, /i) is called an abstract Wiener space, and the measure ^ is called an 
abstract Wiener measure [|2^ . 

We also note that in the case of the Bogolyubov measure, G{t, s) = —■mB{t, s) is the Green's function of the 
boundary value problem 

y" — Lu'^y — 0, 

y(0) = y(/3), 
2/'(0) = y'iP) 

on the interval [0,/3]. 
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4 Functional integral with respect to the Bogolyubov measure 

Let ai, a2, . . . , a„ be linearly independent elements in a separable Hilbert space H whose closure is the support 
of a measure and which is dense almost everywhere in X. Then 



/ F[{ai,x),{a2,x), . . . ,{an,x)\ dn{x 
Jx 



) = 

^ (2^)-"/2^^ /■ e-(^"'"'")/2F(u) (iw (26) 
vdet A Jr^ 

if one of the integrals in (26) exists, where A is the matrix of the elements fly = (oj, aj)H, i,j = 1, 2, . . . , n, 
u = {ui,U2, . . . , Un), and du = du\du2 ■ ■ ■ dUn- If orthonormalized vectors in H are taken as the elements aj, 
then (26) becomes 

F[{ai,x),{a2,x),...,{an,x)\dii{x) = {2TT)-"'^ f e-("'")/2F(u) 



The form of formula (26) is particularly simple if the functional F{x) depends only on the values of the function 
x{t) at finitely many points. For example, if 

F{x{t)) =x{ti)x{t2)---x{tn), 

then the Wick theorem holds, by which 

x{ti)x{t2) ■ ■ ■ x{tn) dn{x) = ^ B{ti, , ti^ )B{ti^ , ti4 ) • • • -B(*i2/t-i . *i2 J> 

where n = 2k and the summation extends over all {2k)\ / {2'' k\) decompositions of the numbers 1,2,. . .,2k into 
k different unordered pairs, 

(n, h), {is, ii), {i2k-\,i2k)- 
This integral vanishes for n = 2fc + 1. In particular, for the case of the Bogolyubov measure, we have 

{q\ = x^t) dfXBix) = Bit, t) = ^ coth ^, 
(2n)! ^^,^2^ 



^^2^{n\f^' '^' v'l-«coth(/3u;/2)/(ma;) ' 

where it is necessary to assume that — ma;tanh(/3a;/2) < a < ma;tanh(/3a;/2) in the second formula. 
We consider the quadratic functional 

oo 

A{x,x)= ^ akj{ek,x){ej,x) 

k,j=l 

on X, where akj = (Ack, e.j)H, A is a self-adjoint kernel operator from H into H, and {efe}^^ is a basis in H. 
Using formula (26), we can then calculate the integrals 

[ A{x,x)dn{x)=Tj:A, [ ^^(a;,^) d/i(a;) = (Tr^)^ + 2^ A^, 
Jx Jx fc^l 

where Xk are the eigenvalues of the operator A. The relation 

^AA(x,x)/2^^(^)^ 1^ (27) 

X ^Da(X) 
also holds, where -Da (A) is the characteristic determinant of A at the point A, 

ReA < Ai > A2 > . . . , 

Ai 
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and 



V^AiX) = JIDaWI exp 



--arg Da (A) 



We take 



»/3 oo 

fe=-oo 



as the quadratic functional in (27), where — \/XkLpk, Afc are the eigenvalues of the kernel B{t, s), and ipu are 
the corresponding eigenfunctions. We use the formula fl 



dX 



InDeiX)^ B{t,t)dt + X B^^\t,t) dt + ■ ■ ■ + X'' B^^\t,t)dt + 



where B'-'^^ are the corresponding iterated kernels, which have the form 



oo 



in the case of the Bogolyubov measure. This results in 



n— — oo k—1 

1 



[w2 + (27rn/3-i)2 



/3 /.,2_ ^ 



coth —xuj"^ 

I 2 V m 



2m ^a;2 _ A/to 
where A < muP' . Integrating this equation, we obtain 

^2 (/3\/^2_^/^/2^ 



sinh 



^s(A) 



sinh2(/3a;/2) 



whence follows the formula 



exp 



X 



f X f'^ ^ , \ , , , sinh(/3w/2) 
\^ Jo ) sinh [B^uS^ - \/m 



X < muj . 



We note that the moments 

uik — J A{x,x)'' dfisix) — J x^{t)dt^ dfiB{x) 

can be determined using formula (28) and the relation 



TOfe+i = 2*=+ 



1 d^+i 1 



A=0 



Taking the relation 



(28) 



into account, we derive the following formula for the infinite product from the above value of the Fredholm 
determinant of the kernel B{t, s): 



n=l 



1 



sinh 



(nby/l + a/b^ 



n:^ + b^J + sinh(7r6) 
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5 Approximate calculation of functional integrals 

We consider approximate formulas that are exact for functional polynomials of a given degree. Let X be the 
space C[a, 6] of continuous functions x{t) on [a, 6]. We assume that a Gaussian measure /i with a zero average 
and a correlation function B{t,s) is defined in X. An arbitrary continuous functional polynomial Pn{x) of 
degree n on C has the form 

j—1 

where po = const and the other terms are multiple Stieltjes integrals. 

Theorem 1 |2^. Let v be a symmetric probability measure on the Borel sets in R, and let p{u,t) be a 
function on R x [a,b] such that 

1) p{u,t) = -p{-u,t), 

2) UT=i Pi^^ ^i) ^ ^(-R' ^) 1 < "^ < 2n + 1, 

p{u,t)p{u,s)diy{u) = B{t,s). (29) 



Then the formula 

[ F{x)dp{x)^ [ F{9„{u,-))dMu), (30) 

where 

n 

On{u,t) ^^Cjp{Uj,t), 
J = l 



c'j are the roots of the polynomial 



^ ^n — k 



k\ ' 

fc=0 

and Vn Is a measure in i?" that is an n-fold Cartesian product of the measures v, is exact for functional 
polynomials of degree 2n+l. 

Theorem 2 [g^l • i^et the assumptions in Theorem 1 hold. Then the formula 

F{x)dp{x) « HH^— Z!Z!^(o)+ 



c 



k=l 

where 



.H, (31) 



k 

el!'\u,t) = y"ph,j f}_ R'' ^ Rx Rx ...X R, 

J=i k 

dvk{u) — dv{u\) ■ ■ ■ di>{uk)^ k = 1, 2, . . . , n, 

and A is an arbitrary constant, is exact for all functional polynomials of degree 2n+l. 
If A = n, then formula (31) becomes p7|] 



where 



UF) = T.i-^r~'^r^, I no.iu, .)) ^..(.) 
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and 



1 

It is easy to verify that the recursive relation 
holds for /„(F). 

Deriving formulas (30) and (31) for approximately calculating integrals with respect to the Gaussian measure 
relates to finding a function p{u, t) possessing properties 1-3 in Theorem 1. The most difficult task here is solving 
Eq. (29). 

We first seek the solution of this equation for the case of a purely discrete measure v on the line. We recall 
that a measure entirely concentrated on a finite or countable set of points on the line is said to be discrete. 

Let a finite or countable set of points {xn}^=-oo be given on an interval [a,b], and let a positive number /i„ 
satisfying the condition 

y~^/tn < OO 
n 

be associated with each a;„. We define a function / on [a, b] by setting 

Xn<X 

The function f{x) does not decrease and is left-continuous. If x coincides with one of the points a;„, with 
X = Xno for example, then 

f{Xno + 0) - f{Xno " 0) = /l„o- 

If X does not coincide with any of the points Xn, then f{x) is continuous at x. The function f{x) is called a 
jump function. 

We define a measure i/ on ii in the form 



and assume that 



If we set Xn = n, then 



i^{{-oo,x)} = f{x) 
^/i„ = l, hn = h-n, n = 0,±l,±2, 



/ p{u,s)p{u,t)dv{u) = ^ hnp{n,s)p{n,t). 

■'^ n=-oo 

Expanding the correlation function in a series with respect to the complete system of orthonormalized eigen- 
functions, 

+00 

n=— 00 

we see that all assumptions of Theorem 1 hold if we set 

for -1< u < 1, 

p{u, t) = { \li'^n{t) for uG[n,n + l), 

-\[^^<Pn{t) for u e (-n- 1,-n], n=l,2, 

The solution of Eq. (29) in the case of an absolutely continuous measure v was found for the Wiener measure, 

the conditional Wiener measure, and some other measures. The following solution of (29) can be constructed 
for the Bogolyubov measure. We take the normalized Lebesgue measure on the closed interval [— /?, (3] as v, i.e., 

duiu) = -^du. 
^ ' 2/3 
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Then 



(32) 



It can be verified that the measure v and the function p{u, t) thus chosen satisfy aU assumptions in Theorem 1. 
Hence, in the case of the Bogolyubov measure in question, we have 



X 



F{x) dfiB{x) 



J2pyl J ^■■■J ^ dui---dunF\^Y^^Cjp{uj,t) 



by Theorem 1, where p{u,t) is given by (32). 

We consider approximate formulas that are exact for functional polynomials of the third degree and for some 
functional of a special form. As before, let X be the space C[a,6] of continuous functions on [a,b], let i/ be 
a measure on the Borel sets in the real line R, let A{u) be a positive function on R, and let p{x) be a weight 
functional. We assume that the conditions 

A{u) dv{u) = A < oo, 



X 



p{x)x{t) dfi{x) — / p{x)x{t)x{s)x{T) dfj,{x) = 0, 
Jx 

r{t,s) = — / p{x)x{t)x{s) dp,{x) < oo 



Pq Jx 



hold, where 



Theorem 3 



Po = / Pix) dp{x). 
Jx 

Let a symmetric function r{t, s) he representahle in the form 



r{t, s) 



x{u, t)x{u, s) dv{u), 



where the function x{u, t) belongs to the space L2[R, v] relative to the argument u. Then the formula 

p{x)F{x) dfiix) « po(l - A)F{0)+ 

x{u,-) 



X 



+ 2^0 / A{u) 



F 



f x{u, ■) 
\^/A{u) 



F - 



dv{u) 



(33) 



is exact if F{x) is an arbitrary functional polynomial of the third degree. 
If the measure v is discrete, then 

A^'^Ak, r{t,s) ^ y^^Xk{t)xkis 

k k 

and formula (33) becomes 

/ p{x)F{x)d^i{x)^p^{l-A)F{Q) + ^Y.'^ 

■'^ k 

We consider an example. Let the weight be 



F 



Xk{-) 
a/it 



F - 



(34) 



p{x) 



x^{t) dt. 



Then 



r{t,s) = B{t,s) + 



TrB 



/ B{t,T)B{T,s)dT, TtB= B(t,t)dt. 

J a J a 
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If the expansion of the correlation function in a series with respect to its eigenf unctions is used, then we obtain 



where Xk are the eigenvalues of the kernel B{t, s). Formula (34) becomes 



X \Ja 



x'^{t)dt]F{x)dfi{x) 



where 



Tr - A)F(O) + lT.^k [F{bkM-)) + F{-bkM-))] |, 

'2 

^ Afc = A < oo. 



1 



Afe + 



Ti-B 

Theorem 4 |Q. Let the functions r{t,s) and 

, ^ 1 

p[t,s) = - 

PO Jx 

where V{x) is an even positive functional on C, be representable in the form 

r{t,s) ^^Xk{t)xk{s), p{t,s) = BkXk{t)xk{s), 



p{x)V{x)x{t)x{s) dp.{x) 



where Bk are such that the equation 



V 



Bk 



for each value of k has a positive solution Ak satisfying the condition 

A = ^ Afe < CX). 

k 

Then formula (34) is exact for all functional polynomials of the third degree and also for the functionals F{x) 
of the form 

Fix) = Vix)p2{x), 

where p2 (x) is an arbitrary homogeneous functional of the second degree. 
As an example, we consider the case of the Bogolyubov measure. Let 



p{x) = 1, Vix) = \\x\\' 



x^{t)dt. 



Then 



p[t, s) = ^ BkXk{t)xk{s), 



where 

Bfe = TrB + 2Afc, Xk{t) ^ \/X^ ipk{t), 

and Xk and ipk{t) are the eigenvalues and eigenfunctions of the kernel B(t,s). In the case under consideration, 
the other quantities in formula (34) are given by the relations 



TtB 



A: 



coth — , 

2mw 2 



(2 + |-coth^[c.2 + (27rfcr')2] 



coth 



(Puj^jl + 4tanh(/?cj/2)/(/?tj) 



Vl + 4tanh(/3w/2)/(/3w) 



coth(/3w/2) 
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6 Stochastic processes and the Bogolyubov measure 



The notions and methods of the theory of stochastic processes are widely used to study probabihty measures in 
function spaces. We assume that a probability space {fi, G, P} is fixed, where is a space of elementary events 
to with a selected cr-algcbra of subsets of events G and a measure, namely, the probability P of events on G. 
The numerical functions /(w) on f2 measurable with respect to P arc called random variables. For integrable 
functions with respect to the measure P, the integral (mathematical expectation) 

M/(a;)= / f{u;)dP{oj) 
Jn 

is defined. By a random element with a range in X, we mean a weakly measurable mapping x{uj) of fl into X, 
i.e., a mapping under which a functional (^, x{u!)) is measurable with respect to the measure P for any ^ S X', 
where X' is the adjoint space of X. If a random element x{u!) with a range in X is given, then the probability 
measure 

Ij,{xGX: [{^i,x),...,{^n,x)] e An} = P{uj e n : [{^i,x{io)),...,{^n,x{io))] eAr,} 

can be defined on the cr-algebra generated by the cylindrical sets in X. Here, A^ is an arbitrary Borel set in 
i?", and the vectors ^i, ■ ■ ■ (n = 1,2,...) belong to the adjoint space X' . In this case, 

/ F[x{uj)]dP{uj) = [ F{x)dn{x) 
Jn Jx 

for any functional F such that one of the above integrals exists for it. 

Let X be a space of real functions of the argument t G T, where T is a subset in R. Then a random 
element x{lo) is called a random function and is denoted by x{LO,t). The argument w in x(LU,t) is often omitted. 
If t is interpreted as time, then the related random functions are called random or stochastic processes. A 
random function is regarded as being defined if its finite-dimensional distributions are known. A random 
function x{f,) = x{'uj. f.) [t G T) with a range in a probability space {X, G, P} is called a Gaussian process 
if all its finite-dimensional distributions are Gaussian. This means that the joint distribution of the values 
x{ti),x{t2), . . . , x{tn) of this random process are defined by the density function 

p{m, ...,«„) = (27r)-"/2(det S)- exp 

with the mathematical expectation m{t) = M[x{uj,t)\ and the correlation function 

B{t,s) = M[{x{uj,t) - m{t)){x{(j,s) - m(s))], 

where S is a matrix with the elements B{ti, tj) {i,j = 1, 2, . . . , n) and b\~^^ are the elements of the matrix 
inverse to B. Therefore, if X is a function space, then the relation 

/ F[x{LU,t)]dP{co) = I F[x{t)]dii{x) 
Jn Jx 

holds, and the problem of integrating with respect to the Gaussian measure in the function space is equivalent 
to the problem of integrating with respect to the measure generated by the corresponding Gaussian random 
process. In what follows, we constantly use this relation between the theory of Gaussian random processes and 
the theory of functional integration with respect to Gaussian measures. 

Let t = {ti,t2, ■ ■ ■ ,tn), < ti < t2 < ... < tn < /?, be a set of real numbers. For an arbitrary given subset 
E c i?", we define the cylindrical set Qt{E) ^ {x e X : {x{ti), . . . ,x{tn)) € E}. The sets E and Qt{E) 
miiquely define each other for a fixed t. By definition, the centered Gaussian measure of the given cylindrical 
set Qf{E) is 

fi{Qt{E)} = (27r)-"/2(det K)-^/^ """"^{'l c^^i • • • d^n- (35) 



15 



In the case of the Bogolyubov measure , we have X = C° [0, /3] , where C° [0, /3] is the space of continuous 
functions on the closed interval [0, (3] with the uniform metric 

max |a;(i) - y(0| 

te[o,/3] 

that satisfy the condition a;(0) = x{l3). The bilinear functional K{(p,i/j) on the adjoint space X' has the form 

K{^,^) = / / B{t,s)d^{t)d^{s), 



where Lp{t) E X' = Vb[0, (3] and X' = Vb[0, (3] is the space of functions of bounded variation on [0, f3] satisfying 
the condition 

^(0)^0, ^(t) = i[^(t + 0) + ^(i-0)] forte (0,/3). 
The elements of the variance matrix have the form [061 



2mwsinh(/?tj/2) V ' 2 



kij = B{U,tj) = o^. ./o\ ^^^^ ( '^l^^ ~ ~] ■ (36) 



The Bogolyubov measure has a zero mean. 

We consider some special cases of formula (35) for the Bogolyubov measure. 
Let < t < f3. We calculate the function 

Fx{t) = ^J■B{x G X : x{t) < 7}, 

where 7 is an arbitrary real number. Using (35) and (36), we write 

1 r / 1 «2 X 

^-^-^^ V2vrA-(^,^) A^'^H"2^(^j '""^ 

1 r f 2muj \ , 

exp — — — — -— ■ du. 



^{'K/{inuj))coih{l3u/2) ^"oo V 2 coth(/3^/2) 



This formula shows that the random variable G{x) = x(t) is normally distributed with a zero mean and the 
variance (2ma;)~^ coth(/3cL'/2). 

Let < ti < t2 < and let 7 be an arbitrary real number. We find the hmction 

Fxit2)-x{ti) = ptB {a; e X : x{t2) - x{ti) < 7} . 

We can write 

Fx{t2)-x{ti) ^ UbIx e X : {x{ti), x{t2)) G E} , 
where E = {(ui,M2) G i?^ : U2 — ui < 7}. Using (35), we obtain 



27r Vdetif 7b 

The elements of the inverse matrix K^^ are calculated quite simply in this case. They have the forms 

_ _ fell l(-1) _ /,(-l) _ fel2 

" ^ 22 - ^g^^. /«12 -1^21 - 

where 

1 , /3w , 1 n , , /3t^\ 

Kii = ; -— cosh , ki2 = -, cosh uj\ti — ^2 , 

2mwsinh(/3a;/2) 2' 2mw sinh(/3w/2) V 2 



(37) 
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deiK 



1 



Am?Lj'^s\i]h (/3w/2) 



f3uo 



cosh — cosh — tt 



f3uj 



After substituting these expressions in (37) and performing some elementary transformations, we obtain 



x{t2)-x{ti) 



du exp 



27r [cosh(/3w/2) - cosh(/3w/2 - uj{t2 - h))] 
vF' mw sinh(/3a;/2) 



2 cosh(/3a;/2) - cosh(/3w/2 - uj{t2 - h)) _ 

Consequently, the random variable G{x) = x(t2) — x{ti) is normally distributed with a zero average and the 
variance 

cosh(/3c^/2) - cosh(/3c^/2 - iu{t2 - h)) ^^^^ 
muj sinh(/3w/2) 

7 Metric properties of Bogolyubov trajectories 
7.1 Nondifferentiability of Bogolyubov trajectories 

We consider the properties of the support of the Bogolyubov measure in the space C° [0, j3\ . As in the case of the 
Wiener measure, the measure /iB is concentrated on continuous paths rather than on continuously differentiable 
ones. Hence, along with the Wiener measure, the Bogolyubov measure gives another important example of 
continuous functions that are almost everywhere nondifferentiable. 
We introduce the set 

Cl{t,t') ^ {x X : \x{t)-x[t')\ <h\t-t'y], 
where /i > 0, < 7 < 1, and t, t' € [0, We seek the Bogolyubov measure of this set. Using (35), we can write 



f^B{Cl{t,t')} 



1 



27rVdet K Jb 



(39) 



where B = {(ui,U2) G : \ui — U2I < h\t — t'p}. The matrix K in (39) coincides with the matrix K used in 
the preceding section in formula (37). Performing a suitable linear change of integration variables in (39), we 
obtain 



(40) 



where 



muj sinh(/3a;/2) 



y cosh(/3w/2) - cosh(/3w/2 - Lo\t - t'\) 
Formula (40) implies an upper estimate for the desired measure, 



We now consider the sets 



h\t-t' 



f^B{C2{t,t')}<J-a 



and 



n C^it,t') = {x(^X:\x{t)-x{t')\<h\t-t'\^ioTa\lt'e[0,f3]} 

t'e[o,i3] 

f] C^{t)^{xeX ■.\x{t)~x(t')\<h\t-t'p for all t,t' e [0,(3]}. 

te[o,/3] 



(41) 



(42) 



It can be proved ^ that Cl{t,t'), Cl{t) , and are closed subsets in X = C°[0,/3]. 
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We consider a sequence of points {tk} in the closed interval [0, (3] such that they do not coincide with t and 
tfe — > t as A: — > oo. Then definition (42), inequality (41), and the downward convexity of coshx imply that 



r^T/ r^-v/ / 2m sinh(/3ci;/2) , , ,-/-i/2 

,B {cm < MB mt, t.)} < ^ ,,,,,(^,;2-.|t-t.i) 1* - ^^1' ' ■ 

The resulting inequality shows that /ib {C^{t)} — for 7 > 1/2, and consequently 

MB {C-^ = 0. (43) 

We recall that a function a; [0, /?] 1— > i? is said to be Holder continuous of order 7 if there is a positive constant 
h such that \x(t) - x{t')\ < h\t - t'\'^ for aU t, t' e [0, /?] and 7 S (0, t]. Because 

00 

= {x e X : X is a. Holder continuous function of order 7} — |^ C^, 

h=l 

condition (43) implies that F"*", 1/2 < 7 < 1, is a Borel subset in X with the Bogolyubov measure (or probability) 
zero. In other words, the Bogolyubov trajectories are not Holder continuous of order 7 > 1/2 almost everywhere 
with respect to the measure. (Consequently, they cannot be continuously differentiable.) 

Let < t < p. We consider the set Dt ^ {x E X : x'{t) exists}, where x'{t) denotes the ordinary derivative 
of X with respect to t for t € (0, /?) and the one-sided derivative for t — or t — p. It can then be shown ||2^ 
that A C Ur=i Clit), whence mb(A) = 0. 

We define a function F — X x [0, /3] 1-^ i? by the relation 

F{x t) — I ^'(0 exists (as a finite function), 

' 1 otherwise. 

It can be proved [ p9[ that F is measurable as a function of x and t. Therefore, by the Fubini theorem, 

J (^J^ F{x,t)d?j dfiBix) = (^J F{x,t)d^iB{x)^dt^ j\B{Dt)dt = 0. 
This formula shows that the relation 

F{x,t)dt = 



holds for almost all functions x with respect to the measure /ie- Consequently, the relation F{x,t) ~ holds 
for almost all functions x with respect to the Bogolyubov measure hb and for almost all values of t with respect 
to the Lebesgue measure. We have thus proved that the trajectories x E X are differentiable with probability 
1 on at most a subset in [0, (3] of Lebesgue measure zero. 

Because every function x of bounded variation on any interval is always everywhere differentiable with 
respect to the Lebesgue measure on this interval [ |30| , the Bogolyubov trajectories have unbounded variation 
with probability 1 on any subinterval of [0,/3]. 



7.2 Scale transformations in the Bogolyubov space 

In the theory of Feynman continual integrals, the scale transformation x '—^ ax with the parameter a € C in 
the related function space is important. An essential role is played here by the well-known Levy theorem on 
the quadratic variation of Wiener trajectories and by the special case that was investigated somewhat later 
in p2[ . In view of the possible analytic continuation with respect to temperature or mass in the Bogolyubov 
continual integral, it is interesting to apply the Levy scheme to the case of the Bogolyubov measure. 

We introduce Levy quadratic variations of trajectories. We consider a partition H of the closed interval 
[0, (3], — to < ti < . . . < tk = (3, and a function x £ X. We define the function 

k 

Sn{x)=Y.[x{t,)-x{t,_,f. (44) 
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If the interval [0,(3] is partitioned into k equal subintervals, then we simply write Sk{x) instead of Su{x). We 
note that 

lim 82^ (x) = (45) 

n — ^cxj 

for sufficiently smooth trajectories, for example, for those satisfying the Lipschitz condition with constant 
k. However, as shown in the preceding section, the Bogolyubov measure is concentrated on nondifferentiable 
trajectories. Therefore, as in the case of the Wiener measure, it can be expected that condition (45) does not 
hold for Bogolyubov trajectories. 

Theorem 5. The Bogolyubov trajectories x G X satisfy the relation 



lim 5*21 (x) = — 
n— >oo rn 



almost everywhere. 

Proof. We first show that 



Sn 



(46) 



for any sufhciently large positive integer iV, where || 
the measure /ie. It follows from definition (44) that 



N 



Sn{x) = [x{tj) - x{tj^i)]'^ 



II ■ I|l2(x,/jb) L^-norm in the space X with 

t,^§, j = 0,l,...,iV. 



We have 



J (^Sn{x) - d^iB{x) 



2/3 



X 



m, 



0" 



Sff{x) dfiB{x) / Sn{x) dfiB{x) -\ 5- 



(47) 



X 



for the desired expression In- The random variable x{tj) — x(tj^i) is distributed with a zero mean and 
variance (38), and therefore 



N 

/ Sn{x) dnB{x) = 



cosh(/3w/2) - cosh(/3w/2 - uj\tj - tj-i\) 
muj sinh(/3w/2) 



= N 



cosh{l3uj/2) ~ cosh(/3w/2 - Puj/N) 
niLu sinh(/3a-'/2) 



In particular. 



SN{x)dnB(x) = — coth— — + 

X m 2m 2 A* 



1 



as TV ^ 00. We now calculate the integral of S]^{x) in formula (47), 



N 



ni.n—1 



S%{x)dflB{x) = ^ / d^lB{x)[x'^{tn)x'^{t„i) +2x'^{tn)x'^{t„i^i) + 



+X^(t„_i)a;^(i,„_l) - Ax'^{ta)x{tr,r)x{trn-l)- 
-4x^(t„_l)x(i™)x(t„_i) + 4:X{tn)x{tn-l)x{tjn)x{t,n_i)] . 

In calculating the integrals of individual terms in the right-hand side of (48), it is necessary to use the Wick 
theorem and the corresponding tabular values of finite sums in p3|. For example. 



(48) 



X 



dnB{x)x^{tn)x^{trn) = (i„ , t„) + 25^ (t„ , i,„) . 
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Using (36), we find 



j d^iB{x)x'^{tn)x^{trn) = {^rnuisvah — 



n,m=l 



X ( cosh^ ^+N^ + N sinh(/3a;) coth 



Accordingly, calculating the other terms in the right-hand side of (48), we obtain 

-2 



4iv2cosh^^+4iV2cosh2 (^-^\- 



J S%{x) d^B{x) = ^2ma;sinh^ 

cosh ^ cosh - ^) + 6iV^ - cosh ^ 



2 N 



+2N{N - 1) cosh ^ +2N + 2N cosh 



^fiAr • i.fn , cosHf3uj/N) sinh(/3c^) , ^^^ sinh(/3c^ - (/3^/jV)) 

+'^""^(^") sinh(/3c./iV) - '^ sinh(/3./iV) + sinh(/3a;/iV) 

With regard to passage to the limit as ^ oo, we obtain 

f3^ 2 cosh(/3u;) - (3lu sinh(/?cj) - 2 1 



(49) 



f P 
/ 5^(a;)rf/iB(a;) = ^ 



2Tm? 



smh^iPuj/2:) 



from formula (49), where £jv ~ 0{1/N'^), is a positive number. As a result, we obtain relation (46) for the 
desired expression 7jv. In particular, it follows from (46) that 



m 



' 1 



m2 2 



n—l 



We consider the set 



where 



We prove that 



S2n{x) 



P 1 



(50) 
(51) 



P 1 

2"/3 



m 



'l + ^2"-i£„-l UO 



Mb(-E„) < 



24n/3+l y ■ 



2"/3" 



(52) 



We suppose the contrary. Then 



m 



diiB{x) > 



> 



P 1 
m2"/3 



which contradicts (50). We set 



Then it follows from (52) that 





S2r>{x)- 






2 


/32 1 


2"/3 " 


m? 2"- 


OO 





dnB{x) > 



MB(i^„)<5^/^B(£;fc)<^, 



(53) 



k=n 
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where c = - l)'^ . Formula (51) now implies that the inequality 



^2" W 

m 



holds for X ^ X\Fn — PlfcLn -^fc' where E^, is the complement of the set in X, and for any fc = n,n+l,.... 
Consequently, if there is an n such that x ^ Fn, then 

lim 52<o(x) = — . (54) 

Therefore, condition (54) holds for all x possibly except for x E F ~ fl^i ^n- However, inequality (53) implies 
that 

MF) < fiBiF„) < ^ 

for any n, i.e., hb{F) = 0. Theorem 5 is proved. 
We consider the set 

n„ = lxeX : lim S'2"(x) = a'^ — 

where cr is a given positive number. Let /ig (ct > 0) denote the image of the measure /ib = /ig under the 
mapping (p^r X t-^ X , (p„ = ax. The measure Mb ^ /^b ° '^^^ defined on the Borel a-algebra B{X), and the 
relation n^{B) = ii^{a^^B) holds for any B Q B. 



Proposition 1 [29| 



1. The set i}„ is Borel measurable for any cr > 0. 

2. The relation cr2^a-i = holds for any ai, <72 > 0; in particular, afli ~ Cl^ for any a > 0. 

3. For any a > 0, n^i^a) = 1- 

4. If cTi ^ (72 (cti, (72 > 0), then fieri n = j'-e-, tie measures ^j!^ and fi^ are mutually orthogonal. 
Assertion 3 in the proposition implies that fio- is a set of full /Xg-measure. Following |2^, we say that the 

measure /Lt| is concentrated on the set fla. We note that supp^g = X for any ct > and il^ C X. 

A subset A in X is called a scale-invariant measurable set if aA G Soo for all cr > 0, where Soo is the 
cr-algebra of sets in the space X that are measurable with respect to the Bogolyubov measure /Xg. A scale- 
invariant measurable set N is called a zero-scale-invariant measurable set if ii^{aN) = for all cr > 0. The 
classes of scale-invariant and zero-scale-invariant sets are denoted by S and Af respectively. We let Sa denote 
the cr-algebra obtained by completing the measurable space (X, S(A'), /ig) and Af^ denote the class of ^g-zero 
sets. It can be shown that Af^ = cr AAoo, Sa = aSoa, and fJ.^{E) = fi^{a^^E) for any E G S^. Moreover, the 
algebra 5 is a cr-algebra, S = ncr>/'^o-, and = {~\„^,Afa- It can be easily seen that B{X) C S C Sa for each 
cr > 0. We have E € S ii and only if E n Via € Sa for any cr > 0, and N € Af if and only if A^ n f^o- G A^tr for 
any cr > 0. 

The structure of scale-invariant and zero-scale-invariant sets is described in the following proposition. 



Proposition 2 [29| 



1. The inclusion E £ S holds if and only if the set E can be represented in the form 

E^(\jEa)uL, (55) 



where each Ea is an n^-measurable subset in Qa 8,nd L is an arbitrary subset of the set 



X\[jna. (56) 



a>0 



Relation /i§(i?) = fi^{Ea) holds for all a > and any set E of form (55). 

2. The inclusion N E Af holds if and only if the set N can be represented in the form 

N=(\jNa)uL, 

where each set Na is an fi^-measurable subset in fla and L is an arbitrary subset of the set in (56). 
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8 Dynamic properties of Bogolyubov measure 



8.1 Semigroups with respect to the Bogolyubov measure 

Let C{X) denote the space of bounded linear operators in a Banach space X. We recall that a family of 
operators {T{t) : < t < oo} in C{X) is called a strongly continuous semigroup of operators on X if r(0) = /, 
T{t,s) — T{t)T{s) for all s e [0, oo), and the mapping t i— > T{t)x from [0,oo) into X is continuous for each 
X & X. As is known p^ , in the case of a strongly continuous semigroup, the generating operator (generator) 

L^\\Tn-{T{e)~I) 

of the semigroup has a dense domain D{L) in X, is a closed linear operator, and 

lim - {T{t + e) - T{t)) f = LT{t)f - T{t)Lf 

for / e D(L). For a strongly continuous semigroup {T{t) : <t < oo} with the generator L and an arbitrary 
vector / e D{L), it can be shown that the function u{t) ~ T{t)f e X is continuously differentiable on 
the half-infinite interval [0,oo) and satisfies the initial condition u(0) = / and that the differential equation 
du/dt = Lu is satisfied for alH > 0. 

In the case of Gaussian measures, there is a universal example of a strongly continuous semigroup known as 
the Ornstein-Uhlenbeck semigroup. Let be a centered Gaussian measure on a locally convex space X. The 
Ornstein-Uhlenbeck semigroup on the space L^^fj.) is given by the formula 



T{t)f{x)^ f{e-'x+^l-e^'y)dii{y). (57) 



X 



It was proved |Q that for every p > 1, the family of operators {T{t) : Q < t < oo} defined by formula (57) 
forms a strongly continuous semigroup on the Banach space LP{fj,) with the operator norm 

Moreover, the operators T{t) are nonnegative for p = 2. 

In the case of the Bogolyubov measure, the form of the generator of the Ornstein-Uhlenbeck semigroup can 
be found under the assumption that / € C^{R), where C^{R) is the space of infinitely differentiable functions 
compactly supported in R. We have 

T(t)f(x) = ^ f f(e-'x + -e-2t y) exp ( """^^^ dy. 

^ncoth{(3u;/2)/imij)J-oo^ ^ \ coth(/3c^/2) ^ ^ 



The change of the integration variable e *a; + \/l — e "^^ y = z results in 

(/(z)-/(a:))x 



T{t)f{x) - fix) _ 1 J mujt&nh{Puj/2) 



X exp 



t\y 7r(l-e-2t) 



TOOj tanh(/3ci;/2) _f , 
-(z ~ e x) 



1 -e-2t 

We now use the Taylor theorem to expand f(z) under the integral sign. 



dz 



f{z) = fix) + f'{x){z -x) + \nx){z - x)^ + \f^^\x){z - x)^ + ^^{z - x)\ 
Furthermore, calculating the elementary Gaussian integrals, we obtain 

»^ ^ -./'(.) + ^rwl + 0(0, 

t 2 2t ma;tanh(pa;/2) 
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i.e., the generator of semigroup (57) in the case of the Bogolyubov measure is given by 

d coth(/3w/2) d2 



dx 



2muj dx"^ 



We next consider the family of operators {T{f]) : < /3 < 00} acting in the space L^{R) according to the 
formula 

f/5 



iTif3)f){x) 



X 



dfJ-Biy)f\ / y{t)dt + x 



(58) 



It is clear that T(0) = /. Moreover, using the formulas for integration with respect to Gaussian measures [|37| , 
we obtain 

(y — x)'^muj^ 



{np)f){x) 



27r/3 



f{y) exp 



2(3 



dy. 



(59) 



Formula (59) gives the well-known expression for the free semigroup in the case of the heat conduction equation. 
Hence, family of operators (58) is in fact a strongly continuous semigroup in LF'{R). In this case, the generator 
of the semigroup has the form 

L- — 

2mLu'^ dx^ ' 

and for any / G L'^{R), the function u{f3, x) = {T{(3)f){x) is the solution of the Bloch equation 

du 1 d'^u 
d(3 2mLu^ dx^ 

with the initial condition u(0, x) — ,f{x). Formula (58) implies the relation between the Bogolyubov and Wiener 
measures 



y{T) dr dfiBiy) 



f{y{t) +x)dfiyj{y), 



where Cq is the space of continuous functions on [0, t] vanishing at zero. 



8.2 Independent increments 

The classical Wiener process on the interval [a, b] has independent increments, i.e., for any a < ti < ^2 < ■ ■ • < 
tn < b, the random variables — ^ti, ■ ■ ■ i£,t„ — 6„-i are independent. To prove this assertion, because the 
Wiener process is Gaussian, it suffices to show that these increments are pairwise independent. In the case of the 
Bogolyubov measure, the increments x{ti) — x{ti-i), i = 1,2, ... ,n, are not independent, which substantially 
hampers an analysis of the corresponding random process. However, the relation between the Wiener and 
Bogolyubov measures established in Subsec. 8.1 permits constructing a system of independent increments for 
the Bogolyubov random process as well. 
We consider the random variable 



y{t) = \x{t) + / x{t) dr, 0<t<P, 
Jo 

where A is a constant to be defined below. The mathematical expectation M{y{t)y{s)) is given by 

A2 1 



M{y{t)y{s)) 



2to(jj sinh(/3u;/2) 2mti;^ sinh(/3a-'/2) 
2 smh min(s, t) — 



2muj'^smh{Puj/2) 
1 



111 I /3w 
cosh I uj\t — s\ — 



— cosh + 
UJ 2 



■ cosh 



(3uj 



1 



■ cosh ujt 



A 



2ma;2 sinh(/3a;/2) 



I smh h smh los 

2 V 2 



sinh I Lot — ^— 
2 
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Setting X — UJ ^, we can now easily show that 

M[{y{t) - y{s)){y{T) - y{a))] - for s < t < (7< r. 

Because the Bogolyubov process is Gaussian, we can state the above result in the form of the following theorem. 

Theorem 6. A Gaussian random process with a Bogolyubov measure has independent increments, i.e., the 
random variables 2/(^2) — • ■ • j y(tn) — y{tn-i), where 



y{t) ^ uj~^x{t) + x(T)dT, 0<t<f3, 



(60) 

"'0 

are independent for any < ti < t2 < ■ . ■ < tn < p. 

The random process {y{t), < i < /?} is a Gaussian process with a zero average and the correlation fimction 



M{y{t)y{s)) 



2TOtj2sinh(/3w/2) 



2 [oj + mm(s, t)\ smh — cosh -— 

Z Lo 2 



1 

OJ 

1 

I — 



cosh I LOS — 



smh LOS 

2 



cosh Lot 



(3uj 



sinh Lot 



(3uj 



(61) 



Formula (61) permits proving that the Gaussian random variable G ^ y(i) — y(s) is normally distributed with 
a zero mean and the variance (t — s)l{muP'), where t > s, i.e., 



G^N 



We note that if x(t) is regarded as a random function, then the integral 



x{t) dr 



(62) 



introduced in previous sections is a stochastic integral defined as the limit in the mean with respect to the given 
measure for the corresponding integral sums. Integral (62) exists if and only if the mean value M(y^) exists. 
This condition is fulfilled for the Bogolyubov measure, which, in particular, follows from formula (61). 
To conclude this subsection, we note that because 



diiB{x) 



X 



13 ^ 2 
x{t) dt 



1 



dt 



dTB{t 



1 



we have 



lim m(- 



P \ 2 
x{t) dt] 0. 







Because the Bogolyubov random process has a zero mathematical expectation, m = Mx{t) = 0, we can say that 
this is an ergodic process in the sense that the "temporal" means (with respect to /?) converge in the squared 
mean to the "phase" means. 



8.3 Bogolyubov measure and differential equations 

We define the function 

5 / dze*-[^('')-^(°)-«], (63) 

where x{t) e X is an arbitrary function, ^ is an arbitrary real number, /? is a positive number, and y(t), 
< t < /3, is defined in (60). Function (63) is an analogue of the Donsker-Lions function which was 
introduced some time ago to investigate the Wiener measure. 
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Lemma. The mathematical expectation of function (63) is given by 



2^ 



exp 



mu! 



where 



Proof. We consider the mathematical expectation 

Jx 

— / dze~^^^ / djiBix) exp iz / x{t)dt 
27r Jx I Jo . 

iTT v27ra j-oo 

/3 



277 , 



3 rP 



B{t, s)dtds = 



10 Jo 

Calculating the integrals in (65), we derive (64). The lemma is proved. 
We introduce the function 

73 



u{p, = exp(^- ^ V{y{s) - 2/(0)) ds 



where is a real function bounded from below. 

Theorem 7. Function (66) is a solution of the partial differential equation 



du 1 9^ 



d(3 2ma;2 



V{i)u 



with the initial condition u{0,^) = S{^) and the boundary conditions u(/3, ±oo) = 0. 
Proof. We use the obvious formula 

exp^-^ V{z{s))ds^ y{z{.r))exp(^- Viz{s)) ds] dr. 



This gives 



u{f3, = E^, {S0,^{x)} - j^^ E^, ^S/3,i{x)V{y{T) - 2/(0)) exp(^- ^ V{y{s) - y(0)) ds 



; e X 



xi5^3 <^ V{y{T) - 2/(0)) exp - / y(2/(s) - y(0)) + »z(y(/3) - y(0)) 



At the same time, we have 



E^.B^V{y{T) - 2/(0)) exp(^- ^(2/(5) - 2/(0)) + i^(2/(/3) - 2/(0)) 

= ^^b| V(y(T)-y(0))exp(^-^ y(y(s)_y(o))ds + i0(2/(T)-2/(O)) 
X [exp(i^(2/(/3) - 2/(0)) - i^(2/(r) - 2/(0)))] 1 = 
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E^^\v{y{r)-y{0))exp 



V{y{s) - 2/(0)) ds + iz{y{r) - 2/(0)) } x 



xEi,^{exp{iz{y{p) - ^(t)))} 



exp 



z^\E^Av{y{T)-y{0))x 



= exp - 



exp(^- ^ y(y(s) - 2/(0)) + iz{y{T) - y{0))j | = 

p drjV{ri)e'^^E^,^exp(^- £ V{y{s)-y{0))dsyr,r,i^)y 



which follows from Theorem 6 and the properties of function (63). Therefore, 

u{(3,O=E^,{50,i{x)} -^jyr d^e--€exp(^-|--J^2^x 

/OO 
dT]V{'n)e^^''u{T,ri). 
-OO 



In view of 



dz exp I —iz^ 



/3-r 



2 + IZT] = 



1 2Trmu)^ 



exp 



/3-T 



we use the lemma to obtain 



= Jl^3jexp( -^^^ ) - 



27r/3 



2/3 



27r(/3 - r) 



exp 



drjdr. 



(68) 



Direct verification now readily shows that function (68) satisfies Eq. (67). The corresponding initial and bound- 
ary conditions are obviously satisfied. Theorem 7 is proved. 

9 Inequalities for equilibrium averages 

We consider a system with a Hamiltonian 

H = f + V, 

where V = V{q) is an interaction term, and also a onc-dimcnsional family of Hamiltonians, 

H{h) = f{h) + V, h&R, 



^2 2 



The statistical sum 



Z(/i)=TVe-'5^W 



of the system under consideration becomes 



Z(/i) =T>e-'5[r+^(«+'')l 

after the canonical transformation q — h ^ q. We assume that the interaction potential is nonnegative and 
symmetric, i.e., 

V{x) > 0, V{x) = V{-x). 
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Using the chronological-ordering operator, we can write ||15| 



-I3(T+V) ^ e^^^Te 



Therefore, 



R{h) 



Tre-z^^C') 



exp 



Texp 



dse^^ Ve 



dsV{Q{s) + h) 



Tre-'3r 

Expressing relation (69) via the Bogolyubov functional integral, we obtain 



(69) 



/ exp 


[-L 


Jx 





dfiBix). 



We now apply the theorem on a linear change of variable in an integral with respect to a Gaussian mea- 
sure [^. This gives 



F{x) dfi{x) = e-ll''ll«/2 / a)e~('''^) dn{x) 

X JX 



(70) 



for an integrable functional F{x) and a function a £ H. In this situation, we use formula (70) for the case of 
the Bogolyubov measure and the constant functions a that belong to H. This results in 



X 



F{x + a) d^iBix) = e-'^"'^''''/^ J F{x) expjamt^^ J^^ x{t) dtj d^ 



■,ix). 



This relation permits writing the function R{h) in the form 



f V[x{t)^ dt^ expi^mhuj^ J x{t) dt^ dfiBix) 



R{h) = e-^"'^''''/2 / exp 

X 

We now consider the Fourier-Gauss transform 

f{y) = F{f;y)^ / f {x + ty) dfi^ix) 
of a functional f{x) and the Parseval relation 



X 



f 



x^ 



Ix VV2/ VV2/ 
for the the case of functionals 



dfiB{x) 



and 



Relation (71) becomes 



/(a;) = F(a;) EE exp|-y dtV{x{t)) 
g{x) = exp^^mhu!^ J x(t)dt^. 



x{t) dt > diiB{x) ~ 



whence we see that if the inequality 
holds for all y, then 



F{y) > 
R{h) ^ F{-ih) < i?(0) = ^^(0). 
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(71) 



(72) 
(73) 



Condition (72) is proved as follows. We have 



^(y) ^ efe,a)/2 / exp<{- ["^ Vix)dt + i{x,y)\dfiBix) ^ 



X 



^y^y^/^ expj- V{x) dt - i{x, dfini^) = F*{y) 



for symmetric functionals, i.e., the Fourier-Gauss transform is real in this case. We prove that it is nonnegative. 
In view of 

applying the Jensen inequality yields 



eliaii ^ e''~'''yU^lB{x) = 1, 

X 



which precisely completes the proof of (72). 
In particular, condition (73) implies that 



{qA)H<7, 2' (74) 



where the Bogolyubov inner product of arbitrary operators A and B is defined as 

(A,B)^ = ^ / ds TT\e-''"Ae-^^-''^"B] = (B.A)-,. 

Using the relations 



\niuj V ^ 



'^^ V2 

to pass from the operators q and p to & and W and taking the selection rules for equilibrium averages with 
respect to the quadratic Hamiltonian into account, we bring inequality (74) to the form 

(St,6)g<(/3c.)-\ 

Relation (74) can be used to derive an inequality for the Gibbs equilibrium average {q^)^- For this, the 
Falk-Bruch inequality |^ should be used. Let 

We also assume that the upper estimates b < bo and c < cq hold. Then 

5 < .go = ^ \/cok) coth ^| . 
z y 40o 

In the case under study, we have 60 — {I3mup)^^ and cq = P/m, and the above inequality gives 

Condition (73) is an example of the so-called Gaussian domination condition and condition (74) implied 
by (73) is an example of the so-called local Gaussian domination condition which plays an important role 
in phase transition theory. An estimate of type (75) was previously found for a less general case of a one- 
dimensional nonlinear oscillator ]4^ . 
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